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called conju ;
Bate if there i
relation. s a g € G such that gg(a) = b. We write a ~ b. Show that ~ is an equivalence

Q2 Show th
a
t for a, b € G the elements ab and ba are conjugate

Q3Determi
m i

ine all automorphisms of the Klein four group
le (that is not a square) is the Klein four group

Q4Exerci
ercise. Show that the symmetry group of a rectang
,,,,, n} be the group of the nth roots of unity, where the

Q5. Exercise. Set 7 := e 2mi/n, and let G = {{k : k=1
composition is standard multiplication in C.

(1) Showthat@:Z=> G, m7->{m,isa homomorphism.

(2) Calculate ker(®).

Q6 Let G be a group. Show that: (1) If Aut G = {id} then G is abelian.

Q 7 If x 7= x 2 defines an homomorphism of G, then G is abelian.

@ Q8 If x 7> x-1defines an automorphism of G, then G is abelian
Q9 G=HxK be a nonabelian group that o(H)=p2 , o(K)=p3 (p is prime number), why is of G)yp?

Q1o If G/Z(G) is cyclic, then G is abelian.
If |G| is a p-power (P prime), then Z(G)#1

Q11 What is an example of an automorphism of a grou
Inn(G), the group of all inner automorphisms?

t inner automorphism of Abelian groups is

p G that does not belong to

identity. fig—g-1isa

Q12 Prove tha
automorphism for Abelian groups.

ment of infinite order, how many elements of finite

Q13 If a cyclic group has an ele

order does it have?

<g> be a cyclic group of infinite order, where g€G is a generator.
of the element gk€G? Consider the

Q14 Let G=
bout the order

What can you say a
cases k=0 and k#0.

Q15 Prove that Every cyclic group is abelian.
Q16 If g is an element of infinite order in a group, thengk=g " if and only ifk=".1fg isan
element of finite order m in a group, then g k=g if and only if k=" mod m.
Q17 An infinite cyclic group has exactly two generators
ements. To

y one generator. Then G has at most two el
1.1f G has only one generator, it

for G, then s0 is g ~

Q18 LetGbea cyclic group with onl
ce g generates

see this, note that if g is a generator
must be the case thatg=g-1.But theng 2 =e.Sin

most two elements.
t of a group G. Prove that if H is closed, then it isa

H be a nonempty finite subse
Since H is closed, hn€Hfo

Q19 Let
suppose h € H.

subgroup. To see this,
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G, it follows that G has at

r every positive integer n,
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H. Furth
€rmore, h-1=h N-m-1€H.ThusHis a subgroup.

and that ab has order n. Then ba also has

Q20 Suppose a and b are elements of a group G
e, then (ba) n = e. The

ord i
cons;rn. T: see this, note that (ba) n=a -1 (ab) na. Thus if (ab) n =
se holds by symmetry, and so ab and ba have the same order.
Q21 S . . . .
ks .tUDp.Ose G is a group which has only finitely many subgroups. We want to prove that G
- n] e. First ofall,‘ rgcall thatifg € G, then<g>isa cyclic group containing g. If < g > is
Inite, then < g > is isomorphic to Z. But the group Z has infinitely many subgroups (one for

each natural number), and then G would also have infinitely many subgroups, a
G has only finitely many subgroups, and since

contradiction. Hence each < g > is finite. Since
each of these is finite, and since every element of G is contained in a finite group, G has only

finitely many elements.
Q22 The group z4 has the property that every proper subgroup is cylic, but it itself is not
cyclic.

Q23 Suppose that G is a group and a € G is the unique element of order 2. Then ax = xa for

all x € G. To see this, let b := xax-1 . Then a = x -1 bx. Since a 6= e, b 6=a, and an easy
calculation shows that b 2 = e, so it has order 2. Since a is unique, a = b, and this implies that

ax = xa
Q24 For a prime p, any element of GL2(Z/(p)) with order p is conjugate to a strictly upper-
triangular matrix (1 a 0 1 ). The number of p-Sylow subgroups is p + 1.

Q25 The number of elements of order p in GL2(Z/(p))is p 72 -1

Q26 If #G = 20 or 100 then G has a normal 5-Sylow subgroup

Q27 . Prove G = SL2(Z/(3)). This group has size 24 and a normal 2-Sylow subgroup

Q28 A group of size 70 has a normal subgroup of size 35

Q29 Let G1 and G2 be groups of order 24 and 30, respectively. Let G3 be a nonabelian group
that is a homomorphic image of both G1 and G2. Describe G3, up to isomorphism.

Q30 Prove that a finite group whose only automorphism is the identity map must have

order at most two.
Q31 Let H be a nontrivial subgroup of Sn. Show that either H € An, or exactly half of the

permutations in H are odd.

Q32 Let p be a prime number, and let A be a finite abelian group in which every element has
order p. Show that Aut(A) is isomorphic to a group of matrices over Zp.

bgroup of G of finite index. Suppose that His a

Q33 Let G be a group and let N be a normal su _ ' ; '
finite subgroup of G and that the order of H is relatively prime to the index of N in G. Prove

that H is contained in N
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